In this paper, the local Poincaré inequality and embedding inequality are proved first. Then the global embedding inequality of composite operators for differential forms on L ϕ -averaging domains with L ϕ -norm is established. Some examples are also given to illustrate applications.
Introduction
The purpose of this paper is to establish the global Sobolev embedding inequality with L ϕ -norm for the composite operators applied to differential forms on L ϕ -averaging domains. As extensions of functions, differential forms have been deeply studied and widely applied in many fields, such as global analysis, nonlinear analysis, PDEs and differential geometry; see [-] for more information. The Sobolev embedding inequality, as a fundamental tool in the Sobolev space of functions, has been very well studied in [] . The homotopy operator T, Dirac operator D, and Green's operator G are three key operators acting on differential forms and each of them has received much attention recently. However, the compositions of these operators are so complicated that the results concerned on them are quite few. Even though they are very complicated, the study for the composite operators has been increasing during the recent years; see [-, ]. In many cases, we need to study or to use the compositions of operators. 
TDG(u) -TDG(u) E W
where E is an L ϕ -averaging domain [] .
For convenience, we keep using the traditional notations and terminologies. Except for special instructions, E ⊆ R n is a bounded domain, and |E| denotes the Lebesgue measure of E, n ≥ . Suppose that B r x is a ball with a radius r, centered at x. For any σ > , B ⊆ E and σ B ⊆ E have the same center and satisfy diam (σ B) = σ diam(B). Let l (R n ) be the space of all l-forms in R n , which is expanded by the exterior product of 
is a Banach space with the norm equipped by 
, we obtain some good results. For any differential form u, the decomposition below holds: 
Based on this fact, the homotopy operator T can be extended to any domain ⊂ R n . For any x ∈ , x ∈ k for some k, let T k be the homotopy operator defined on k , which is the convex and bounded set. So, the following definition for T on any domain holds:
where χ k is the characteristic function defined on . Further, it is essential to recall some well-known results as regards the A-harmonic equation for differential forms, which appeared in [] . To be more precise, we here consider the non-homogeneous A-harmonic equation as follows:
where we also need the following definitions and notations.
is named a Young function. Therefore, based on this type of functions, the Orlicz norm for differential forms can be denoted as follows.
Take ϕ(x) as a Orlicz function, and
. . , n, the Orlicz norm for the differential form is equipped with
where the measure μ is expressed by dμ = w(x) dx, w(x) is a weight. It is easy to prove that L ϕ E is a Banach space. Actually, provided that ϕ(x) is taken as 
Besides that, we will show another definition, which was initially introduced by Ding.
the L ϕ -averaging domain, if μ(E) < ∞ and there exists a constant C >  such that for any
where the measure μ is denoted by dμ = w(x) dx, w(x) is a weight, σ and τ are constants with  < τ , σ < , and the supremum is over all balls B ⊂ E with B ⊂ E.
Using the same analysis method as of the L ϕ E -norm, we can conclude that L ϕ -averaging domains are the generalization of L s -averaging domains.
Main results
Before the main results given, we will make some restrictions to the Young function ϕ(x).
Here, we let the Young function ϕ(x) belong to the G(p, q, C)-class
where f and g are increasingly convex and concave functions defined on [, ∞], respectively. Now, we establish four important theorems based on the above-mentioned conditions.
Theorem . Let T be the homotopy operator, D be the Dirac operator, and G be the Green's operator. Meanwhile, we assume that
ϕ(|u|) ∈ L  loc (E), u ∈ C ∞ ( l E)
is a solution of the non-homogeneous A-harmonic equation, the Young function imposed a doubling property ϕ(x) belongs to the G(p, q, C)-class, and the bounded subset E
where σ B ⊆ E and σ >  is a constant. 
Theorem . Let T be the homotopy operator, D be the Dirac operator, and G be the Green's operator. Meanwhile, we assume that
Theorem . Let T be the homotopy operator, D be the Dirac operator, and G be the Green's operator. Additionally, we assume that
where B  ⊆ B is a fixed ball.
Preliminary results
For proving the theorems in Section , we shall show and demonstrate some lemmas in this section.
Lemma . []
Let  < p, q < ∞, and
, if f and g are the measurable functions defined on R n , then
for any I ⊆ R n .
The inequality in Lemma . is actually the generalized Hölder inequality. Specifically, if t =  and  < p, q < ∞, the inequality above is the classical Hölder inequality.
Lemma . [] Let u be a solution of the non-homogeneous A-harmonic equation in a domain , and  < s, t < ∞, then there exists a constant C, independent of u, such that u s,B ≤ C|B| t-s st u t,σ B for all balls B with σ B ⊂ E, where σ >  is some constant.
In fact, we can get a valuable result; if u satisfies the inequality in Lemma ., we say u belongs to the WRH-class.
Lemma . [] Suppose that the differential form u
∈ L p (E, l ), l = , . .
. , n, and G is the

Green's operator, then there exists a constant C, independent of u, such that dd
for any B ⊂ .
According to the above results, we can prove a very useful lemma as follows.
Lemma . Let T be the homotopy operator, D be the Dirac operator, and G be the Green's operator. Additionally, we assume that u ∈ C ∞ ( l E) is a solution of the non-homogeneous A-harmonic equation, the Young function ϕ(x) belongs to the G(p, q, C)-class, and the bounded subset E ⊆ R n is the L ϕ -averaging domain. Then, for any ball B ⊆ E, we have TDG(u) -TDG(u) B s,B ≤ C|B| diam(B) u s,B for any B ⊂ E, where s > .
Proof Notice that TDG(u) is at least differential -form, therefore, by using (.) and replacing u by TDG(u), we have
TDG(u) = Td TDG(u) + dT TDG(u) .
It follows from (.) that dT(TDG(u)) = (TDG(u)) B , that is,
TDG(u) -TDG(u) B s,B = Td TDG(u) s,B .
Applying (.), Lemma ., and Lemma ., we obtain
Thus, we finish the proof of this lemma. 
where the constant σ >  and σ B ⊆ E.
Proof From (.), we have
Because ϕ belongs to the G(p, q, C)-class, we have
Since ϕ is doubling, according to (.) and Lemma ., we have
Therefore, by using |B|
, we can get the following result:
where σ > . This is the end of the proof of Lemma ..
Lemma . Let T be the homotopy operator, D be the Dirac operator, and G be the Green's operator. Additionally, we assume that
ϕ(|u|) ∈ L  loc (E) and u ∈ C ∞ ( l E)
is a solution of the non-homogeneous A-harmonic equation, the Young function ϕ(x) having imposed a doubling property belongs to the G(p, q, C)-class and E is a bounded domain. Then we get
for all balls B with σ B ⊂ E, where σ >  is some constant.
Proof According to the elementary inequality (.) of the homotopy operator T and Lemma ., we have
Applying (.) and Lemma ., we get
Using the same method as used in Lemma ., the following inequality holds:
The proof of Lemma . is completed. 
Lemma . (Covering lemma) [] Each domain has a modified Whitney cover of cubes
V = {Q i } such that i Q i = ,
Demonstration of main results
According to the above definitions and lemmas, we will prove four theorems in detail. First of all, let us prove Theorem ..
Proof of Theorem . First of all, similar to the proof of Lemma ., we have
This means that the key point is to prove the following inequality:
According to the properties of the G(p, q, C)-class, we have
Because ϕ is doubling, using Lemma ., we have
Combining (.) with (.) and using |B|
As a result, we obtain
for any B with σ B ⊂ E and any constant λ > . It means that the following inequality on L ϕ E -averaging domains holds:
The proof of this theorem is finished.
Remark From the proof of Theorem ., it is easy to derive the following inequality:
We shall prove Theorem . by using Theorem . and Lemma ..
Proof for Theorem . Using (.) repeatedly, we have
Combining (.) with (.), and applying Theorem . and Lemma ., we have
where σ = max{σ  , σ  } and σ > , for all balls B with σ B ⊂ E. This is the end of the proof of Theorem ..
Proof for Theorem . From the covering lemma, Lemma ., and Lemma ., we have
Similarly, using the covering lemma, Lemma ., and (.) implies
Thus, from (.), (.), and (.), we obtain
We have completed the proof of Theorem ..
Next, we will prove Theorem . by using Definition . and Theorem ..
Proof of Theorem . According to Definition ., we have
Because sup B⊆E E ϕ(|u|) dx does not depend on B, we obtain
Therefore, we have
We finish the proof of Theorem ..
In addition, we can obtain a global estimate about the composite operators using the same method as of Theorem .. 
Corollary . Let T be the homotopy operator, D be the
Remark If we choose ϕ(x) = x s , we have
Applications
In this section, we will discuss the applications of the results obtained.
Then u is a solution of the non-homogeneous A-harmonic equation for any operators A and B satisfying the required conditions.
As the application of the obtained theorems, our goal is to get the upper bound of TDG(u) satisfying the above conditions. Normally, we would consider calculating the integral of TDG(u), however, one will see that TDG(u) with the L ϕ -norm is very complicated.
In this case, we can use Theorem . to get the estimate of TDG(u) with the L ϕ -norm in W ,ϕ .
Initially, according to the condition and the expression of u in Example ., we see that As a result, by using Theorem . and (.), we have
The above example can be extended to the case of R n . Particularly, we can check that the -form defined in R n ,
is a solution of the non-homogeneous A-harmonic equation for any operators A and B satisfying the required conditions. So, we can also apply Theorem . to this extended case as we did in Example ..
To end this section, we take a -form in R  as an example. 
